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TECHNICAL NOTE 3366

A METHOD FOR STUDYING THE TRANSIENT BLADE-FLAPPING
BEHAVIOR OF LIFTING ROTORS AT EXTREME
OPERATING CONDITIONS

By Alfred Gessow and Almer D. Crim
SUMMARY

A method is presented for studying the transient behavior of the
flapping motion, as well as for calculating the steady-state flapping
amplitudes, of free-to-cone and seesaw rotors operating at extreme flight
conditions. The method is general and can be applied to blades of any
airfoll section, mass distribution, twist, plan-form taper, root cutout,
and flapping-hinge geometry. Stall and compressibility effects can also
be accounted for.

The method is illustrated by examples of blade-stability calcula-.
tions of free-to-cone and seesaw rotors at tip-speed ratios equal to or
greater than 1.0 and of the transient flapping response -of a free-to-cone
rotor to arbitrary control inputs at & tip-speed ratio equal to 0.3.

INTRODUCTION

The flapping motion of autogiro and helicopter rotor blades has
shown itself, both in theory and actual practice, to be very stable for
conventional tip-speed ratios (that is ; below about 0.5). Some doubt
exists, however, as to the stability of blade motion at tip-speed ratios
equal to or greater than 1.0, a question that is of interest in connec-
tion with the "unloaded rotor" type of helicopter operation. At these
extreme tip-speed ratios,.the aerodynamic and blade-inflexibility assump-
tions employed in existing analyses of the problem (in refs. 1 to 5 y for
example) become questionable. The aerodynemic factors introducing the
most uncertainties in these analyses are the assumptions of unstalled
blade sections and incompressible flow, the neglect of the reversed-
velocity region, and the use of small-angle assumptions in connection with
the section inflow and blade flapping angles.
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It is the object of this paper to develop equations and to present
a method for determining the stability of blade flapping motion which
avoids the no-stall and incompressibility assumptions, as well as some
other restrictive aerodynamic assumptlons that are normally employed in
rotor analyses, and which properly accounts for the reversed-veloelty
region. The method, which is appliceble to numerical solution by automatic
computing machines, can also be used to account for the effects of stall,
compressibility, and high rotor angle-of-attack operation on the steady-
state flapping motion at more conventional helicopter tip-speed ratios
and to compute the transient blade-flapping response arising from arbitrary
control inputs. No specific terms are included in the equations, however, -
to account for blade torsional or bending flexibility. The method is
illustrated by examples of blade-stabllity calculations of free-to-cone
and seesaw rotors at tip-speed raetlos equal to or greater than 1.0 and of
the transient flapping response of a free-to-cone rotor to arbitrary con-
trol inputs at a tip-speed ratio equal to 0.3.

SYMBOLS

Al,Bl coefficients .of -cos ¥ and ~sin V¥, respectively, in
expression for @; therefore, lateral and longitudinal
cyclic-pitch angles, respectively, deg

B tip-:loss factor (a.s—sumed eqlial to 0.97 herein); blade ele-
ments outboard - -of radius BR are assumed to have profile
drag but no 1lift .

c blade section chord, ft

eq section profile drag coefficient
Ce equivalent blade chord (on thrust-moment basis),
BR BR 3
f cridr f r"dr, ft
To To
ey section 1ift coefficient
dp drag force on blade element, 1b
dFC centrifugal force on blade element, 1b
ary inertia force on blade element, 1b

daL 1ift force on blade element, 1b
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dT thrust on blade element, 1b

e offset of center line of flaepping hinge from center line of
rotor shaft, ft

g gravitational acceleration, £t /sec2

I, mass moment of inertia of blade about flapping hinge,

R
2 2
f nlr - e) dr, slug-ft
e

m mass of blade per foot of radius, slugs/ft

Mg centrifugal~force moment of blade sbout flapping hinge,
Ib-£t

My inertla-force moment of blade about flapping hinge, lb-ft

Mg thrust moment of blade about flapping hinge, 1b-ft

My welght moment of blade sbout flapping hinge, lb-ft

Mw' welght moment of blade about flapping hinge at zero Tlepping,

R
f mg(r - e)dr, lb-ft
e

P helicopter rolling velocity, radians/sec

Q helicopter pitching velocity, radians/sec

r distance measured along blede from axis of rotation to blade

-, element, ft

R blade radius, ft

t time, sec

U resultant velocity perpendicular to blade-span axis at blede
element, ft/sec

Up component at blade element of resultant veloecity perpendicu-

s lar both to blade-span axis and Up_, ft/sec
Up camponent at blade element of resultant velocity perpendicu-

8 ler to blade-span axis and to shaft axis, ft/sec
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induced inflow velocity at rotor (positive dovnward) , ft/sec
velocity along flight path, ft/sec
ratio of blade-element radius to rotor-blade radius, r/R

angle between shaft axis and plane perpendicular to flight
path, positive wlien axis is pointing rearward, deg

blade-element angle of attack, measured from line of zero
1ift, deg

blade flapping angle with respect to shaft at particular
azimith position, radians

first and second derivatives of B with respect to time +

first and second derivatives of P with respect to azimuth
angle V¥
mass constant of rotor blade, cepR,'"/Ih

collective-pitch angle at blade root, average value of
instantaneous blade-root pitch angle around azimuth, deg

collective-pitch angle at 0.75 blade radius, deg

difference between root and tip pltch angles, positive when
tip angle is larger, deg

instantaneous blade-sectlion pitch angle; angle between line
of zero 1lift of blade section and plene perpendicular to
rotor shaft, Bo + 83%x - A cos ¥ - By sin ¥, deg

Veinag - v

inflow ratio, 0w

. V cos ag
tip-speed ratio, ———
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mass density of air, slugs/cu ft

infilow angle at blade element In plane perpendicular to
blade-span axis, tan~l Ups/ Up,, deg

¥ blade azimuth angle measured from downwind position in
direction of rotation, deg

Q rotor angular velocity, radians/sec

Subsecript:

c radius of cutout, that is, radius at which 1ifting surface

of blade begins

METHOD OF ANATYSIS

Reference-Axis System

In the analysis for the free-to-cone rotor as developed herein, the
flapping hinge may be offset radlally from the center line of the shaft.
For such a configuration, flapping and feathering motions are not directly
equivalent, and all angles and velocltlies are therefore referred to an
axis coinciding with the center line of the rotor shaft. Also, even for
zero hinge offset, the shaft axis is a convenlent reference axis for cases
in which the effect of arbitrary cyclic- or collective-pitch input on the
blade transient motion is belng studied. The rotor shaft 1s therefore
used as the reference axis in this paper, although it sometimes may be
more convenlent to use the no-feathering axis as the reference, inasmuch
as it 1s independent of fuselage moment characteristics and center-of-
gravity location.

Derivation of Blade-Flapping Equations
The differential equation of blade fla.ppiné motion 1s derived for a
free-to-cone rotor by equating the blede aerodynamic and mass moments

about the flapping hinge. The origin of the various moments is shown in
figure l(a.) , and the resulting equation is

Mp - Mg - Mr - My =0 (1)

e e s ma ey e« et e — = s B ———— " — -
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Expressions for the moments will now be derived. The centrifugal-
force moment is

AR
= n2(r - - in B dr 2
Mc L (r e)[e + (r - e)cos B]s n B (2)
but
R
f m(r-e)2dr=Ih (3)
e
and
R
f ng(r - e)cos B dr = My = My'cos B (&)
e

(It should be noted that, because My i1s small in relation to the other

blade moments, the cosine effect of a shaft tilt on My has been
neglected.) After equations (3) and (4) are substituted into equation (2),
the expression for centrifugal-force moment becomes

Mg = 02sin B(Ih cos B + %MW') (5)

The expression for blade Inertis moment is

M =j:m§(r - e)%ar

= ‘B.Ih (6)

The independent variable can be changed from t to V¥ as follows:

g (1)
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T
and equation (6) becomes
The expression for thrust moment may be written with the ald of
figure 1 as
BR
Mp =f %pU2c(r - e)e; cos @ dr +
r
c
B 1l .2 .
‘/; -é-pU e(r - e)eg, sin ¢ ar (9)

c

The profile-drag contribution to the thrust becomes significant primarily

in the reversed-velocity region at flight conditions involving high inflow
angles and high tip-speed ratios. It is assumed, of course, that the cut-
out r, is equal to or larger than the offset e, so that no moment is

computed for that part of the blade inboard of the flapping hinge. Iet

-

x=%
E=2 0 (20)

U

u = —

o

o

Substituting equations (10) into equation (9) yields

Mp = %pcﬂal‘{ll"/\E u2(x - E)e, cos @ ax +
Xe

g

(&
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The section nondimensional resultant velocity wu and the inflow
angle ¢ may be found from the following equations:

u = (uP32 + uTsa)l/z (12)

uPs=7\sc°SB-(x~§)E-ussinBcosw+

%xcosﬂr+%xsin\k (15)
up_ =&+ (x-E) cos B+ ugsiny (14)
Up
¢ = tan~t —85 (15)
Urg

(Note that, for the sake of simplicity, for terms involving pitching and
rolling velocities in eq. (13) the helicopter is assumed to pitch and
roll about the rotor hub.) ;

The section 1lift coefficient e; and drag coefficient cq, can be

found from appropriste alrfoil date. It should be noted that the method
does nét require an analytical representetion of the section 1lift and drag
characteristics. Thus, the airfoil characteristics corresponding to the
particular blade section and surface condition can be used, and stall,
Mach number, end Reynolds number effects can be accounted for whenever
'bhey are deemed significant. . -

The section angle of attack cen be found from the following relation:

a.r=8+¢

=0+ 0;x - A cos ¥ - By sin ¥ + ¢ (16)
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In this equation all the angles are in degrees.

Substituting equations (&), (5), (8), and (11) into equation (1) and
dividing through by I;0° yields

| B | 1.0
%.‘ﬂ/ u2(x-§)cl cos¢d.x+/ u2(x-§)cd° sin @ ax| -
Tn |dx, Xe
sinB(cosB-i--(E—MW——'-)-F-&m—sB:O' . (17)
Y 91, '

By definition,

7' =T (18)

and equation (17) becomes

%7'/\Bu2(x-§)cz cos @ ax + .
Xa

1.0 o ;
/ u(x - £)eg, sin @ ax| -
Xg }

I

sin B cosB+eMW‘ -E—MO—S—E=0 (19)
&l 21,

If B 1is considered to be a small angle (that is, less than 20°),
as it usually is, the equations can he somewhat simplified in that cos B
can be assumed to be equal to 1.0. It will also be noted that, although
e uniform-chord blade was assumed in the development of the thrust-moment
w equation, in numerical work blades of any plan form can be handled just as
simply by allowing c¢ to remain beneath the integral sign. The blade mass
constant o', which is of value for blade-motion comparisons bebtween

© s s = sas r crem—r — o e v - e = = ———— ——— - ——— ——— e ———— e~ -
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blades of different design, may then be retained by basing ' on an

’ BR BR
equivalent chord ce equal to f _cr5dr /
Ta To

Equation (19) is the basic differential equation describing the
flapping motion of & free-to-cone rotor. As written, the serodynamic
part of the equation is very genergl in that it can handle blades of any
airfoil section, mass distribution, twist, plan-form taper, root cutout,
and flapping-hinge offset and can account for the effects of helicopter
pitching or rolling velacities. The effect of flapping-hinge geometry
where blade flapping or lagging motions result in pitch-angle changes can
be simply considered by the addition of the appropriate terms in equa-
tion (16). Stall and compressibility effects can be accounted for to the
extent of using actual airfoil section data that correspond to the entire
range of angle of attack and Mach number encountered at all points of the
disk, including the reversed-velocity region. (The section Mach number
is simply computed as ufR divided by the speed of sound. ) No small-
angle limitations have been made-regarding the blade inflow and flapping
angles, although it is assumed in the amnalysis that the blades are rigid
in torsion and in bending and that radial flow effects can be neglected.
The assumption is also made that the rotational speed is a constant. Such
an assumption is considered to be reasonable in that some form of rotor-
speed comtrol will probably be incorporated in most unloaded-rotor configu-
rations because of the extreme sensitivity of rotor speed to angle-of-attack
changes at those conditionms. '

The differential equation of blade motion for the seesaw rotor mey
be derived in an analogous menner, the only difference being that the

moments of each blade about the seesaw hinge are equated. The resulting
equation is .

B 1.
%7: (f u%ccl cos ¢dx+/ ou%ccdo sin¢d.x) -
- Xe Ux v

]

B 1.0
/ u%:cz cos @ dx +f u%ccdo sin ¢ dx -
Xe ) ) Xo . ot

(2sin|scoss-2§)

y = (20)
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vhere ¥ and V¥ + n indicate the instantaneous azimuth positions of the
two blades. It should be remembered that, in evaluating equation (13)
for the seesaw rotor, the signs of B and B for each blade are oppo-
site. Thus, considering one blade at a particular azimuth position YV,

ups=7\s cos B - (x - E)B - pg sin B cos ¥ +
g 2]
9xcoswl;+nxs:1.n11f
and, for the opposite blade at V¥ + =x,

uPB=7\s°°SB+(x-§)§+p.ssinﬁcosﬂr+

! P
5xcos$’+§xsin\lr

Solution of Blade-Flapping Equations

Blade~flapping amplitude and stability may be studied by solving
differential equation (19) or (20) for the flapping amplitude B as a
function of azimuth angle V¥. Because the equations are nonhamogeneous
and nonlinear with varying coefficients that contain integral expressions
which become very complex when such items as stall and compressibility
are belng considered, an explicit solution is not feasible and numerical
step-by-step methods must be used.

The suggested procedure for solving equation (19) or (20) may be
outlined as follows:

(1) At some convenient azimuth position, assume arbitrary initial

values of B =B = 0.

(2) Compute the thrust moment at this selected azimuth position by
evalueting the thrust-moment integral at several redial stations and
integrating the results by numerical or graphical means.

(3) Solve the resulting equation for B.

(4) Repeat the above steps at the next succeeding azimuth position
using velues of B and P obtained by integrating the quantity B.
The Runge-Kutta method described in reference 6 is suitable for this
phase of the problem.

wmrw e mirm s eme s tn rewe cm s mp e v T S A e ——— - —— > - ——— - - - —_
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{5) Continue this process at successive azimuth positions until
B elther reaches a steady-state value (that is, repeats itself periodi-
cally) for a stable condition or diverges for an unstable one.

Some saving in computing time is possible, particularly when steady-

state values are being computed, by using estimated values of B and B
in step (1) rather than assuming them equal to zero.

Physically, the blade response as calculated by this method may be
visualized either as that resulting from the transition of the rotor
blade from en arbitrary out-of-trim position to one of equilibrium (for
a stable case) or, alternatively, the motion resulting from the sudden
release of a blade that has been restrained from flapping.

The method is also applicable to computing the transient response
of blade, flapping due to arbitrary control displacements (by merely
Inserting any desired cyclic- or collective-pitch control sequence into
eq. (16) at some time after steady-state conditions have been attained).
In addition, the method may be used to determine steady-state flapping
values at flight conditions outside the scope of conventional rotor

theory.
APPLICATIONS

In order to illustrate some applications of the method that are of
current interest, the flapping stebility of a number of unloaded-rotor
configurations operating at extreme tip-speed ratios, as well as the
transient flapping motion occurring during a high-speed pull-up maneuver
of a conventional helicopter, was investigated. Most of the cases that
were studied Iinvolved the free-to-cone rotor, but two seesaw-rotor
examples are included for comparison in the unloaded-rotor application.
Aside from type of rotor, the primary varisbles considered are the tip-
speed ratio pg and the blade mass constant 7'.

Calculation Procedure

The blade-flapping equations were evaluated by the Runge-Kutta method.
Azimuth intervals of 20° were used, except where noted. (Although the
Runge-Kuttea method entalils calculations at intermediate stations and is
thus more lengbthy than some other numerical methods that were tried, it
was found to be more accurate.) The thrust-moment conmtribution at six
radiael stations was evaluated in determining the thrust-moment integrals
in equations (19) and (20). The calculstions were performed at the
Langley laboratory by the Bell Telephone Leboratories X-66TW4 relay com~
puter, and approximetely 50 minutes was required for the calculations at
each azimuth position for the free-to-cone rotor. In terms of the more
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widely used IBM Card Programmed Electronic Calculator (with a floating
decimal board), the estimated time per station would be reduced to 20 min-
utes. With one of the higher speed machines, such as the Remington Rand
Universal Automatic Computer (UNIVAC) or the IBM type 7Ol electronic data
processing machine, the machine time per station would probably be reduced
to somewhat less than 1 minute. The seesaw-rotor calculations require
about twice the time as those for the free-to-cone rotor.

The section 1lift and drag curves used in the calculations are shown
in figure 2 and are plotted for an engle-of-attack range from 0° to 360°.
This method of handling the angles of attack is particularly convenient
for automatic-machine computation in that the reversed-velocity region
is handled in the same manner as the rest of the disk and thus the use of
special instructions is avoided. In order to meke the calculated section
angle of attack positive over a 360° range , 360° should be added to oy

whenever a.., as calculated by equation (16), is negative. Thus 5 for

example, a negative angle of attack of -30° s such as might occur in the
reversed-velocity region, would, by adding 360°, be expressed as 330°.
Values of c¢; and cd, below the stall are represented in figure 2 by

the customary linear 1ift curve and three-term drag polar, whereas values
ebove the stall are approximately in accord with wind-tunnel tests of air-
foils through 180° angle of attack (ref. T). Compressibility effects were
not considered in the present examples, although, as previously mentioned,
the method of analysls is capable of handling such factors. In additionm,
the blades had zero hinge offset, were untwlsted, and operated with zero
cyclic pltech, except where noted.

Flapping-Stabllity Exemples

Free~to~cone ,rotor.- The calculated blade flapping angles at a f£flight
condition corresponding to an unloaded rotor at pg = 1.0 (9.75 = 0°;
Ng = 0.058) are shown in figure 3 for three different mass factors. In
each case the flapping motion is stable, in that steady-state values are
either reached or approached in a few revolutions, although some initial
overshoot of the final value is evident for the lightest blade (y' = 2.62).
As an indication of the effect of blade mass factor on flapping, the maxi-
mum steady-state amplitudes shown in figure 3 are plotted in figure 4 as a
function of blade mess factor. The meximum positive flepping amplitude is
shown to increase almost linearly with ¢'; whereas the maximum negative
angle 'is, for this particular case, almost independent of 7'.

The effect of blade mess constant on the flapping stability and
amplitude of a rotor operating at a more extreme flight condition
(pg = 2.2; © S = 0%; Ag = 0.029) is shown in figure 5. For ease of

representatic.)n, the vertical scale is varied for the various values of

e e et —— e — & — —— -~ —
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7' in order to account for the larger flapping amplitudes of the lighter
blades. The motion 1s seen to be stable for all the values of 7' repre-
sented, although the flapping changes from predominately first harmonic at
the lowest values of 9' +to a prominent one-half harmonic at the highest
values of 7'. The deviation of the dominant frequency of the transient
flapping motion from the more normal first-harmonic motion 1s discussed
In reference 2 and may be attributed to the varying spring and damping
terms in the blade-flapping equation of motion. The curves in figure 5
show that the heavier blades take a longer time to reach the steady-state
condition than the lighter ones do and thus may be considered to be more
sluggish in response to a disturbance. Figure 5 also shows that the
steady-state flapping amplitudes of the lighter blades appear to be

Impractically large.

In order to determine the effect of azimuth-interval spacing on the
results, the calculations for three values of 7' In figure 5 were car-
ried out in two parts, the first part with 4O° increments and the second
part with 20° increments. It appears that the larger interval would yield
gbout the same result as the smaller one imsofar as the stability of the
motlion is concerned and that the smaller interval would probably yleld a
more accurate result for the amplitude of the steady-state motion.

Flapping stebility at an even more extreme flight condition (Pas = 3.0;
e 5 = 29; Ng = -0.0636) 1is investigated in figure 6. The motion is seen

to be stable for v' = 0.10 and 0.42, although for 7' = 0.42 the motion
includes a one-half-per-revolution harmonic imposed on the basle one-per-
revolution frequency. For a lighter set of blades (7 = 2.62), the motion
is purely divergent in less than 1 revolution.

Seesaw rotor.- Computations were made for two seesaw rotors involving
different flight conditions and blade mass factors end are shown in fig-
ure T. As in the free-to-cone configuration, the heavier blades show a
relatively slow response; whereas the lighter hlades show the character-
istic initiel overshoot. It should be noted that the flight condition
corresponding to the light (7' = 2.62) seesaw blades in figure T(a) is
identical to that of the light (y' = 2.62) free-to-cone blades in fig-
ure 6. Although the flapping amplitude of the seesaw blades is large
for this condition, it is significant that the motion is stable; whereas
the flapping motion of the free-to-cone blades in the identical flight
condition is highly divergenmt. It thus appears that the present method
of analysis could be used to indicate likely avenues for improvement.

Transient-Response Example

The calculation of transient response of a rotor blade to arbitrary
control inputs under conditions involving extreme rotor stall was carried
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out by this method for the case of a free-to-cone rotor operating at a
tip-speed ratio equal to 0.3. The helicopter was assumed to be under-
going a pull-up maneuver which involved two arbitrary sequences of longi-
tudinal cyclic- and collective-pitch control movements. For the flight
condition chosen, the rotor is only partially stalled inboard before the
start of the pull-up and undergoes extensive stall over most of the
retreating side of the disk during the maneuver.

The results of the calculation are plotted in figure 8, in which are
shown both the blade-motion and control-movement time histories. The
steady-state amplitude prior to the control motion was calculated as in
the preceding cases. The steady state is very quickly reached (within
2 revolutions) and the amplitude is reasonable. When the cyclic- and
collective-pitch controls are moved in accordance with a pull-and-hold
procedure, the blade motion responds almost immediately end reaches
a new steady-state amplitude that is considerably larger than the
amplitude existing before the pull-up. If, instead of a pull-and-hold
procedure, the controls are partially returned to their equilibrium posi-
tion, the maximum positive flapping is reduced, as would be expected,
with but little effect on the maximum negetive amplitude. It will be
noted that the maximum negative amplitude is large and that the method
of analysis pérmits calculations to be made for the study of blade-
clesrance problems in maneuvers. Similar calculations can be made to
investigate the effects of varying the rate and amount of control motion,
the phasing between the cyclic- and collective-pitch comtrols at various
flight conditions, and the. effect of the pitching or rolling velocity
developed during the maneuver.

CONCILUDING REMARKS

A numerical method has been presented for studying the transient
flapping behavior as well as for calculating the steady-state blade flap-
ping mo@ion of lifting rotors operating at extreme conditions involving
stall and compressibility effects and at very high tip-speed ratios and
rotor angles of attack. The method can be applied to free-to-cone and see-
saw rotors and to blades of any airfoil section, mass distribution, twist,
plan-form taper, root cutout, and flapping-hinge geometry.

The method was applied to the investigation of the effect of tip-
speed ratio (equal to or greater than 1.0) and blade mass factor on the
flapping stebility of unloaded free-to-cone and seesaw rotors and the
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effect of a pull-up maneuver on the transient blade response under con-
ditions involving extreme stall at a tip-speed ratio equal to 0.3.

Langley Aeronasutical Laboratory,
National Advisory Committee for Aeronsutics,
Iangley Field, Va., November 3, 195k.
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dT

— Shaft axis

Flapping hinge

dD

|4~ Shaft axis

(b) Velocities and angles at blade element.
Figure 1l.- Forces and velocitles acting at a blade element.
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Figure 5.~ Calculation of transient blade-~flepping motion of free-to-
cone rotor at pg = 1.0, 8 o5 = 0°,. 0 = 0%, and A5 = 0.038.
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Figure 5.~ Calculation of tramsient blade-flapping motion of free-to-
cone rotor &t g = 2.2, 8 g5 = 0° 07 =0° and Ag = 0.029.
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Figure 5.~ Concluded.
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Figure 6.~ Calculation of transient blade-flapping motion of free~to-
cone rotor at pg = 3.0, 8 o5 = 2%, 87 =0°% and Ag = -0.0636.
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